Battery models that can predict the effect of operating conditions on battery life and performance are extremely valuable to battery users and manufacturers. Model predictions can provide quality assurance that the batteries being manufactured are of consistently high quality, and provide indicators well in advance of failure so that steps can be taken to adjust operating condition and prolong battery life. In addition, a variety of design parameters can be investigated to aid an electrode development program.
Theoretical discharge curves for nickel hydroxide have been generated by a number of investigators 1-5 using a onedimensional, macrohomogencous model. The spatial dimension of interest is in the direction perpendicular to the current collectors, and therefore the polarization losses caused by the NiOOH/Ni(OH)2 film is assumed to be due solely to a pseudocharge-transfer resistance. Although these models reveal the importance of transport limitations in the electrolyte phase, they predict nickel electrode potentials as a function of time which are more positive and flatter than experimental data. They also predict material utilization on discharge which is unrealistically high. Sinha 6 developed a model of a porous electrode in which the solid material was described using semiconductor the-* Electrochemical Society Active Member. ory. This model, however, contains many parameters that cannot be obtained experimentally.
Experimentally it has been suggested that resistance due to diffusion of protons and/or conduction of electrons may contribute appreciably to overall polarization losses at the nickel hydroxide film. 7-1~ Two-dimensional, macrohomogeneous models have been developed to account for the diffusion of protons in the active nickel hydroxide film n and diffusion coupled with variable electronic resistance of the film. 1~ One of the rationales for including variable electronic resistance in the later model is that nickel hydroxide is an electrical insulator in the reduced state and a conductor in the oxidized state. The drawback of these models is that the solution procedure requires a large amount of computer memory and computational time.
In this paper, an analytical solution to the time-dependent, one-dimensional diffusion equation is incorporated into a discharge model which accounts for proton diffusion and variable electronic conductivity in the film, and charge-transfer resistance at the film/electrolyte interface. The governing equations are presented in such a manner that they can be used in conjunction with a one-dimensional, macrohomogeneous model in order to predict the behavior of an entire nickel battery. The results presented here though ignore: (i) the interaction among the positive and negative electrodes, and the separator, (it) a nonuniform reaction distribution, and (iii) side reactions such as those involving oxygen and hydrogen. The reason for these omissions is not to argue that their contribution is unimportant, but rather the objective of this paper is to isolate the effect of proton diffusion, electron conductivity, and charge-transfer resistance on nickel hydroxide discharge curves. Charge curves are not presented since critical qualitative trends cannot be observed without modeling the entire cell. For example, continuous overcharge is possible for a nickel/cadmium battery dfle to oxygen evolution at the positive (nickel) electrode, transport of oxygen across the separator, and reduction of oxygen at the negative (cadmium) electrodeJ '5 Mathematical Model Figure 1 shows a schematic of the active nickel hydroxide film. The active material is assumed to be uniformly impregnated on a conducting porous matrix. The discharge reaction at the film/electrolyte interface (Y= 1) is generally expressed as NiOOH + H20 + e---> Ni(OH)2 + OH- [1] Proton diffusion into the bulk of the solid phase makes it possible for this reaction to continue at the interface. NiOOH and Ni(OH)2 are assumed to coexist in the hydroxide film in a single phase rather than two separate phases. The relative activities in the solid phase are approximated by their respective mole fractions, xi, and species other than NiOOH and Ni(OH)2 are negligible. It is further assumed that the local degree of discharge is eqtial to the mole fraction of the Ni(OH)2 species and related to the dimensionless proton concentration, C, as follows
where 0 ~ is the initial state-of-charge. (See the List of Symbols and Table I for a complete list of variables and parameter definitions.) The above assumptions have been used by previous investigators ~' 12 to yield a kinetic expression which relates the current to the potential driving force and proton concentration at the film/electrolyte interface. The expression can be written in dimensionless form as
where n is the overpotential at the film/electrolyte interface relative to a reference potential and defined as In general, the total current (e.g., nickel and oxygen reduction) would be included in Eq. 5. In this papei, nickel reduction (Eq. 1) is assumed to be the only reaction. The integral expression in Eq. 5 arises from the assumption that the conductivity of the hydroxide film varies locally depending on the local state-of-chargeY The form of the equation is empirical and reflects the fact that pure Ni(OH)~ is an insulator and the oxidized form is a conductor. Other expressions can be used to obtain subtle features in the predicted discharge curves. For example, Mao et al. 12 added a discontinuity in the conductivity which gave rise to a secondary discharge plateau which is observed experimentally34 The qualitative trends presented in this paper do not depend on the form of the integral in Eq. 5 and, therefore, results using different conductivity expressions are not given.
In order to generate a discharge curve using Eq. 3 and 5, it is necessary to know the proton concentration profile at every point in time. If it is assumed that protons incorporated into the hydroxide film due to Eq. 1 will move by diffusion and that the diffusion coefficient is not a function of state-of-charge, a concentration profile can be obtained by solving the time-dependent, one-dimensional diffusion equation. In dimensionless form this equation can be written as @C ~2C O'r -OY 2 [6] The initial proton concentration is assumed to be uniform throughout the film, the proton concentration gradient is zero at the interface between the conducting matrix and the active material (Y = 0), and the concentration gradient is proportional to the current at the film/electrolyte interface (Y = 1). The initial and boundary conditions can be written as
where I(v) is the dimensionless current density which is negative for a cathodic (discharge) current. The Laplace transform of Eq. 6 is taken with respect to T, the resulting ordinary differential equation for the transformed concentration is solved, and the convolution property of Laplace transfmzns is applied to invert back to the time domain to yield c(g,~) = 1 ~(1-o~ [7] k=l Known current density.--If the discharge current is constant, and the reaction is uniform throughout the porous matrix, I(z) = -1 and Eq. 7 can be integrated to give
fig. 2. The effect of discharge rate on experimental nickel hydroxide discharge curves obtained from nickel/cadmium cells (T = 293).
The term r is the current which causes the nominal capacity of the electrode to completely discharge in n hours. As n increases, the discharge rate decreases. The applied voltages are plotted as a function of the average degree-of-discharge.
In addition, (~m -~,) will be equal to the applied voltage, Yappl.
Unknown current density.--If [(z)
is not known, Eq. 7 cannot be integrated directly. Examples of how an unknown I(z) could arise are a potential-controlled discharge, or a current-controlled discharge where the reaction is nonuniform. The latter case would apply when incorporating the effect of proton diffusion into a macrohomogeneous battery model. Although the overall current is dictated by the discharge rate, the local current density is affected by local potential and hydroxide-ion concentration variations. For an unknown current density, the integral in Eq. 7 can be approximated numerically 1~ as [9] bt=0 where h is the interval width such that T = qh and z = bth.
I(z) dz ----~_, B~(Y)I(qh -p~h)
The coefficients B, are determined by approximating the unknown function I(z) by a linear expression in the interval between ~ and I* -1, integrating the left side of Eq. 9, and solving for the coefficients to yield
(1 -e -k%2h -k~r2h) [10] (-1) k e-k2~2h(m-l)
(1 -e P~2h) 2 [11] k=l for t~ from 1 to q -1, and
for q # 0. Substituting Eq. 9 into Eq. 7 yields
[Bo(Y)I(~)+ ~ B~(Y)I(qh-t~h)] [13] ~=1

Results and Discussion
Experimental results.-- Figure 3 . The effect of discharge rate on simulated nickel hydroxide discharge curves. The curves were generated by solving Eq. 3, 5, and 8. The term c/n is the current which causes the nominal capacity of the electrode to completely discharge in n hours. As n increases, the discharge rate decreases. The applied voltages are plotted as a function of the average degree-of-discharge. The physical constants used to generate these curves are shown in Table II resulting in: ~* = 15,000 n; 10 = i.5 n;~ = 0.87 n.
26.5 Ah. Therefore, a c/2 discharge rate corresponds to a discharge current of 13.25 A which is approximately 11 mA/cm< The dimensionless parameters listed in Table I and the dimensionless current, however, are defined relative to the hours required to completely discharge the actual capacity. The experimental cells had an actual capacity of 34.87 Ah which means a c/2 rate would take 2.63 h to completely discharge these cells. The ratio of the nominal to actual capacity gives a n/n" ratio of 0.76 which is used in simulating the discharge curves in order to make the experimental rates compatible with those used in the model. In plotting the discharge curves in Fig. 2 , the electrodes are assumed to start fully charged, and I -0 is determined by dividing the product of current and time by the actual capacity.
Three characteristics of the discharge curve are seen in Fig. 2 : (i) a quickly decaying voltage during the early portion of discharge; (it) a voltage plateau during the middle portion of discharge which decreases as the discharge rate increases; (iii) material utilization which decreases as discharge rate increases. Similar trends have been reported previously, i6 but there are quantitative differences between those results and the ones shown in Fig. 2 . Cycling hysteresis, for example, is a critical factor in determining the potential of the electrode at a given degree-of-discharge. It is also not known if the electrode is fully recharged after discharge. It will be shown later when discussing the effect 0 ~ has on the discharge curves that accurately determine this physical constant prior to discharge is critical if quantitative comparisons between experimental and simulated curves are to be made. In addition, thermal affects can influence the discharge curves, especially at high rates. Therefore, the three characteristics described above are used to make qualitative comparisons between the experimental and simulated discharge curves. These comparisons provide insight into the relative contribution of masstransfer, ohmic, and charge-transfer resistance to the polarization losses.
Known current density.-- Figure 3 shows the effect of discharge rate on simulated nickel hydroxide discharge curves. Each curve was obtained by calculating C(I:) using Eq. 8, solving Eq. 3 for ~(~), obtaining the applied voltage (V~pp1 =Sm-$1) from Eq. 5 in conjunction with Eq. 8, and then repeating these steps at successive points in time. The physical constants used to calculate the dimensionless parameters given in Fig. 3 are listed in Table II . The convergence of the series in Eq. 8 (and all other infinite series listed in this paper) was accelerated using Richardson extrapolation 17 and a binomial averaging algorithm ~a for Y = 1 and Y # 1, respectively. Equation 5 was integrated numerically using Simpson's rule, and Newton's method was used to obtain ~1(~) from Eq. 3.
The three characteristics of the discharge curve observed in Fig. 2 are seen in Fig. 3 , but some differences between the experimental and simulated curves do exist. For example, the initial voltage at c/10 lies on top of the one at c/2 in Fig. 2 , but the corresponding simulated curve lies closer to the c/20 discharge. Also, the middle plateau and utilization changes more as the rate is increased from c/20 to e/10 in Fig. 2 than it does in Fig. 3 . Even with these differences though, the model does reveal some important insight regarding the effect proton diffusion, electron conductivity, and charge-transfer resistance has on the nickel hydroxide discharge curves.
It is unclear from Fig. 3 what the relative contributions of mass-transfer, ohmic, and charge-transfer resistances are to the observed polarization losses. Figures 4-9 were generated in order to isolate the effects the dimensionless parameters listed in Table I have on the discharge curves. In Fig. 4 , changes in the discharge curves as Io is decreased from ~ to 0.3 are due solely to increases in charge-transfer resistance relative to discharge time. Mass-transfer and ohmic resistances were eliminated by rep]acing C(1, ~)(1 -O ~ with (1 -O) in Eq. 3 and equating ($~ -$1) to V~pp~ which is equivalent to setting ~ and ~* to infinity, respectively. The top curve in Fig. 4 is for Io = ~. This case was obtained by setting I('r)/Io = 0 in Eq. 3 which means that the applied voltage is the equilibrium potential.
Negligible change is observed as Io is decreased from ~ to 30. The Io = 30 case corresponds to the c/20 curve shown in Fig. 3 in the absence of ohmic and mass-transfer resistance. The fact that the I o = 30 curve shows very little change from the -7o = co case indicates that none of the polarization losses observed in Fig. 3 at c/20 discharge is due to charge-transfer resistance. As Io decreases from 30 to 0.3, charge-transfer resistance becomes increasingly important. The most significant effect of decreasing Io is the decrease in the voltage plateau. The Io = 3 curve corresponds to the c/2 curve in Fig. 3 in the absence of ohmic and mass-transfer resistance. Comparing these two curves reveals that charge-transfer resistance contributes approximately 15 mV of polarization to the c/2 curve.
The sensitivity of charge-transfer resistance to discharge rate can be increased by decreasing the exchange current density an order-of-magnitude. That would result in the Io = 3 and 0.3 curves corresponding to e/20 and c/2 discharges, respectively (holding all other variables constant). The former discharge rate would have 15 mY of polarization due to charge-transfer resistance, and the latter 100 mV. The strong dependence of charge-transfer resistance on discharge rate comes at the expense of a lack of curvature during the early portion of discharge. In addition, increases in charge-transfer resistance do not affect utilization as evident by the near 100% utilization at Io = 0.3. Complete utilization regardless of discharge rate is the same result obtained from models that incorporate all resistances at the film/electrolyte interface into one pseudocharge-transfer resistance./-~ Figure 5 shows the effect the cathodic transfer coefficient has on the nickel hydroxide discharge curve for Io = 3. At Io = 30, the discharge curves as ~ varies from 0 to 1 would be visually indistinguishable if plotted on Fig. 4 . Only when charge-transfer resistance is significant does e affect the discharge curves. Since ~ only affects the discharge curves through the kinetic expression (Eq. 3), ~ was varied while and ~* were set to infinity. The effect cr has on the discharge curves is to cause more of an S shape as ~ is decreased from 0.75 to 0.25. When (1 -@) is small, ~1 obtained from Eq. 3 is positive and decreasing ~ causes ~1 to become more positive which translates into a higher applied voltage. As (1 -0) is increased beyond 0.30, 11 is negative and decreasing causes ~1 to become more negative which translate into a lower applied voltage. The sensitivity of the discharge curve on ~ will increase as Io decreases, and the effect described above will become more pronounced. Some of the S shape lost in the discharge curve as Io is decreased can be restored if ~ is decreased. Utilization though is not affected by ~ which further suggests that charge-transfer resistance is a minor contributor to determining the discharge characteristics of nickel hydroxide.
The polarization losses seen in Fig. 6 are due solely to the mass-transfer resistance of protons through the active nickel hydroxide film. The three characteristics seen in Fig. 3 are observed in Fig. 6 . Diffusion limitations can account for potential decay during the early portions of discharge, and a voltage plateau and material utilization which are functions of discharge rate. The degree of this discharge-rate dependency, however, is a function of the diffusion coefficient and the film thickness. The c/2 and r curves in Fig. 3 correspond to the ~ = 1.74 and 8.7 curves in Fig. 6 , respectively, in the absence of chargetransfer and ohmic resistance. If the diffusion coefficient listed in Table II is increased an order-of-magnitude (or 1 is From Fig. 6, a greater than 8.7 is in a region where mass-transfer resistance becomes insignificant, and utilization approaches 100%.
The reason ~ can have such a strong effect on the discharge curve is seen by examining the proton concentration profile in the film. Figure 7 shows the variation in the local degree-of-discharge at various values of ~ calculated using Eq. 8. The profiles correspond to the four curves shown in Fig. 6 at (1 -0) = 0.5. The point in the discharge at which the profiles are shown was chosen to allow significant changes in proton concentration to occur, but before discharge at ~ = 1.74 was terminated. At ~ = 8.7, the degreeof-discharge at the surface is nearly uniform and equal to the average value of 0.5. Further increases in ~ do not affect the surface concentration of protons since diffusion into the bulk of the solid is relatively fast and the polarization losses due to mass-transfer resistance is small. As masstransfer resistance increases, the degree-of-discharge at the surface is much greater than the average value of 0.5, and a larger overpotential is required to maintain a constant-current discharge. A degree-of-discharge at the surface equal to one would require an infinity negative overpotential. Therefore, a ~ much smaller that 0.87 would not even reach 50% utilization. Figures 6 and 7 indicate that polarization losses due to the resistance of proton diffusion away from the film/electrolyte interface contribute significantly to the polarization losses observed in Fig. 3 . Figure 8 shows the effect the initial state-of-charge has on the discharge curves when mass-transfer resistance of protons is appreciable, but ohmic and charge-transfer resistance is zero. The reason this case is shown is that varying 0 ~ on Fig. 4 and 9 would not affect the potential at a given (1 -0). Hysteresis is only possible when mass-transfer limitations are significant. A quickly decaying voltage is observed in Fig. 8 regardless of the point at which discharge begins due to the sharp concentration gradient established after the switch is closed. As the discharge progresses, the gradients smooth out and the effect 0 ~ has on the later stages of discharge decreases. Knowing the initial state-of-charge is important since the utilization one determines from the discharge curve is dependent on the value assumed for @~ It was assumed in plotting Fig. 2 that the electrode was initially fully charged. If in reality e~ -0.85, the c/20 discharge curve would have approached 100 % utilization. An incorrect assumption that the electrode was fully charged could also explain why the initial voltage at c/10 lies on top of the one at c/2 in Fig. 2 , and why the middle plateau and utilization changes more as the rate is increased from e/20 to c/10 in the experimental curves than they do in the simulated ones. If, for instance, the c/10 discharge had an initial state-of-charge of 0.95 instead of 1.0, the experimental curves in Fig. 2 would more closely resemble the simulated curves in Fig. 3 . Figure 9 shows the polarization losses due to ohmic resistance. The only effect a decrease in (T* has on the discharge curves is a decrease in utilization. Neither potential decay during the early portions of discharge nor the voltage plateau are affected by the four order-of-magnitude change in ~* shown in Fig. 9 . These results indicate that the conductivity during a major portion of discharge contributes very little to the overall polarization losses seen in Fig. 3 . The conductivity at the end of discharge does, however, cause significant polarization losses. A point is reached where the conductivity of the hydroxide layer is so small that the applied voltage must be removed several hundred millivolts from equilibrium in order to sustain the desired discharge current. Knowing the reduced-phase conductivity is important in order to correctly predict utilization.
The loss in electrode utilization resulting from low reduced-phase conductivity is not as sensitive to discharge rate as can be the case with mass-transfer resistance. The ~* = 3 x 104 curve in Fig. 9 has the identical ohmic resistance as does the e/2 discharge in Fig. 3 . Ohmic resistance alone allows approximately 85 % of the electrode to be uti- lized. Decreasing the discharge rate to e/200 makes ~* = 3 • 106 which only increases utilization to slightly over 90%. Increasing the discharge rate to 50c ((r* = 300) only decreases utilization to 75%. In contrast, Fig. 6 shows that increasing ~ from 0.87 to 1.74 to 8.7 (equivalent to decreasing discharge rate from c to c/2 to c/10 if the physical constants in Table II are used), increases utilization from 60 to 80 to 95%, respectively.
Unknown current density.--The validity of the integral approximation in Eq. 9 was tested by generating discharge curves using Eq. 13 in place of Eq. 8 with l(z) = -1. The potentials at a given (1 -0) obtained using Eq. 13 were within 0.1 mV of those obtained using Eq. 8. The resulting discharge curves would be visually indistinguishable if plotted in Fig. 3-6, 8, and 9 . Therefore, incorporating Eq. 13 into a one-dimensional macrohomogeneous model should provide a computationally efficient means of accounting for proton diffusion and variable electronic conductivity without sacrificing accuracy.
Conclusions
Constant-current discharge curves for the nickel hydroxide electrode are simulated assuming resistances due to diffusion of protons and conduction of electrons through the active nickel hydroxide film as well as charge-transfer resistance at the film/electrolyte interface contribute to the polarization losses of the electrode. The model predicts three characteristics of the discharge curve which are observed experimentally: (i) a quickly decaying voltage during the early portion of discharge; (it) a voltage plateau during the middle portion of discharge which decreases as the discharge rate increases; (iii) material utilization which decreases as discharge rate increases. The results suggest that polarization losses due to diffusional limitations of protons is a critical factor in determining the characteristics of the discharge curve. Ohmic resistance has a significant effect on the discharge curves at the end of discharge, and charge-transfer resistance is a minor contributor to the polarization losses.
The simulations also indicate which physical constants are needed to accurately predict nickel hydroxide discharge curves. The critical constants are the diffusion coefficient of protons, the thickness of the hydroxide film, the initial state-of-charge, and the electronic conductivity as a function of state-of-charge towards the end of discharge. Physical constants which were shown to be less significant for accurately predicting the discharge behavior of the nickel hydroxide are the film conductivity at the beginning of discharge, and the exchange current density, and cathodic transfer coefficient for the reaction.
In order to predict the discharge behavior of a nickel battery, it will be important to know how the resistances resulting from the hydroxide film interact with the resistances caused by the entire cell. The time-dependent, onedimensional diffusion equation has been solved analytically which should provide a computationally efficient means of accounting for proton diffusion and variable electronic conductivity in a macrohomogeneous battery model without sacrificing accuracy.
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